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This paper solves a long-standing open question: it is known that, if R is a Noethe-
rian ring such that RX is catenarian, then so is RXY , and, hence, R is uni-
versally catenarian; yet the non-Noetherian case remains unsolved. We do provide
here an answer with a two-dimensional coequidimensional counterexample.  2002
Elsevier Science (USA)
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1. INTRODUCTION
Let R be a commutative integral domain and denote by Rn the ring of
polynomials in n indeterminates with coefﬁcients in R (for n = 1, R1 =
RX is the ring of polynomials in one indeterminate), by dimR the Krull
dimension of R, and by dimvR its valuative dimension (the limit of the
(non-decreasing) sequence (dimRn − n n ∈ ).
Recall that a domain R is catenarian if, for each consecutive pair p ⊂ q
of primes in R, htq = htp + 1. A universally catenarian domain is a
domain R such that Rn is catenarian for any n (cf. [2, 7]).
A well-known result of L. J. Ratliff (cf. [9]) states that if R is a Noethe-
rian ring such that RX is catenarian, then so is RXY , and, hence, R is
universally catenarian. It has since been an open question whether the same
is true in the non-Noetherian case. We do provide here an answer with
a two-dimensional coequidimensional counterexample, using pullbacks.
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(Recall that a domain R is said to be coequidimensional if all maximal
ideals of R have the same height.) Let us recall some terminology:
Let T be a ring, let I be an ideal of T , let D be a subring of T/I, and
let R be the subring of T formed by the elements the class of which is in
D modulo I. We thus obtain a pullback construction:
R −→ D
↓ ↓
T −→ T/I
Following [3], we say that R is the ring of the T ID construction, and we
set R = T ID. (In our example, T is an integrally closed coequidimen-
sional Noetherian domain with Krull dimension 2, I is a height one prime
ideal of T , and D = K is a ﬁeld contained in T/I, with some conditions on
the transcendence degree of various extensions.) Note that R = T ID if
and only if it is contained in T and shares the ideal I with the ring T .
If R is a domain, we denote by R′ the integral closure of R in its quo-
tient ﬁeld. If R ⊂ T is an extension of integral domains we denote by
tr.degT  R the transcendence degree of the quotient ﬁeld of T over the
quotient ﬁeld of R. We use ⊂ to denote proper containment and ⊆ to
denote containment.
2. MAIN RESULT
Our main result is the following:
Theorem 2.1. Let T be a domain which is two-dimensional, integrally
closed, Noetherian, and coequidimensional; let I be an height one prime ideal
of T ; let K be a ﬁeld contained in T/I; and let R = T IK. Assume that
(i) trdegT/I  K ≥ 2,
(ii) for each prime ideal q of T properly containing I, tr.degT/q  K =
0.
Then R is a two-dimensional, coequidimensional domain, RX is catenarian,
and RXY  is not catenarian.
With no assumption on the transcendence degrees, it follows from [1,
Proposition 1.2] that R is a two-dimensional, coequidimensional domain.
Using conditions (i) and (ii), we shall prove in the next sections that RX is
catenarian, whereas RXY  is not. The proof of the main theorem breaks
into two lemmas. But ﬁrst let us note that, as T is integrally closed, the
integral closure R′ of R is contained in T ; thus it also shares the ideal I
with T , that is, R′ = T IK′, where K′ = R′/I. It thus follows again from
[1, Proposition 1.2] that R′ is also a two-dimensional coequidimensional
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domain. For every prime q′ of R′, letting q = q′ ∩ R, one then has the
equality htq′ = htq (indeed q′ is height 2 if and only if it is maximal, in
which case q is also maximal and, hence, is height 2). One then says that
the extension R ⊆ R′ satisﬁes the altitude formula. In the key lemmas of
the next section, we thus assume that R ⊆ R′ satisﬁes the altitude formula.
Note that, in general, one says that an extension of integral domains
R ⊆ S satisﬁes the altitude formula if, for each prime ideal q of S, writing
p = q ∩ R, one has the equality
htq + tr.degS/q  R/p = htp + tr.degS  R
If S = R′ is the integral closure of R, then tr.degS  R = 0, and, for every
prime q′ of S, R′/q′ is an integral extension of R/q (where q = q′ ∩ R),
and, hence, tr.degR′/q′  R/q = 0. Therefore the altitude formula simply
means that one has htq′ = htq in this case.
Before ﬁnishing the proof, let us ﬁrst give an easy example where R itself
is integrally closed. Let Z be a principal ideal domain (for instance, the ring
of integers) and let T = Zt be the ring of power series with coefﬁcients
in Z. Then T is a Noetherian integrally closed two-dimensional domain.
The maximal ideals of T are of the form Mq = q t, where q is a prime
element of Z, and they are height 2; hence T is coequidimensional. Choose
a prime element p of Z and let I = pT = pZt. Then I is a height
1 prime ideal of T . Denote by K the quotient ring Z/pZ and set R =
T IK. Note that R = Z + I = Z + pZt. Now T/I is isomorphic
to Kt. Thus tr.degT/I  K = ∞, and the only maximal ideal of T
containing I is the ideal Mp = p t and T/Mp is isomorphic to K; thus
tr.degT/Mp  K = 0. Therefore it follows from the main theorem that
RX is catenarian whereas RXY  is not. Moreover, as K is integrally
closed in Kt, it follows from [3, Proposition 2] that R is integrally closed.
3. THE KEY LEMMAS
Recall that, if P is a prime ideal in the polynomial ring RX such that
P ∩ R = p and that P strictly contains pX, then P is said to be an upper
to p (see [7, Sect. 1–5] for elementary facts about uppers).
Lemma 3.1. Let R be a domain and let P ⊂ Q be two consecutive prime
ideals in RX such that P is an upper to 0 and Q is an upper to a nonzero
prime ideal q of R. If R ⊆ R′ satisﬁes the altitude formula, then htq = 1.
Proof. As R′X is integral over RX, P and Q lift in R′X in two
primes P ′ ⊂ Q′, which, by incomparability, are consecutive in R′X. P ′ is
an upper to 0 and Q′ is an upper to a prime q′ of R′ such that q = q′ ∩R.
As R ⊆ R′ satisﬁes the altitude formula, we have htq = htq′. We
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may thus replace R by R′. As R′ is integrally closed, it follows from [6,
Proposition 1.1, p. 742] that P ′ is generated by its polynomials of minimal
degree. Now since P ′ ⊆ q′X, there exists a polynomial f in P ′ of mini-
mal degree such that f ∈ q′X. From [5, Proposition 2.2], it follows that
htQ′/P ′ ≥ htq′, and, hence, htq′ = 1.
Recall that a domain R is a strong S-domain if, for each consecutive pair
p ⊂ q of primes in R, the extended primes pX ⊂ qX are consecutive in
RX (cf. [7–9]). Note that, if R is a strong S-domain, then dimRX =
dimR + 1; more precisely, if p is a prime ideal of R and if P is an upper
to p, then htpX = htp and htP = htp + 1 [7, Theorem 39].
Lemma 3.2. Let R be a two-dimensional strong S-domain. If R ⊆ R′ sat-
isﬁes the altitude formula, then RX is catenarian.
Proof. Let P ⊂ Q be two consecutive primes in RX. Our task is to
show that htQ = htP + 1. Denote p = P ∩ R and q = Q ∩ R. We
discuss the following cases:
Case 1 P and Q are respectively uppers to p and q. If p = 0, it
follows from the previous lemma that htq = 1, and, hence, htP = 1
and htQ = 2. If p = 0, then necessarily htp = 1 and htq = 2, and,
hence, htP = 2 and htQ = 3.
Case 2 P is an upper to p and qX = Q. Then htP ≥ 1, and
htQ ≤ 2. Hence htP = 1 and htQ = 2 (and, thus, P is an upper
to (0) and q is maximal).
Case 3 pX = P and Q is an upper to q. Necessarily p = q. Thus
htQ = htP + 1.
Case 4 pX = P and qX = Q. Then p ⊂ q must be consecutive.
Either p = 0 and htq = 1, in which case htP = 0 and htQ = 1, or
htp = 1 and htq = 2, in which case htP = 1 and htQ = 2.
4. PROOF OF THE MAIN THEOREM
We have noted (Section 2) that R is coequidimensional, with Krull dimen-
sion 2, and that the extension R ⊆ R′ satisﬁes the altitude formula.
1. To prove that RX is catenarian, we use Lemma 3.2 and thus
wish to show that R is a strong S-domain. This follows from condition (ii)
of the main theorem. Indeed, as R is two-dimensional and coequidimen-
sional, it is clearly enough to show that dimRX ≤ 3 (and, thus, in fact,
dimRX = 3). Now let U be the set of prime ideals of T containing I.
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For each q in U , we have q ∩ R = I. Denote by dq the transcendence
degree of T/q over R/I  K. From [3, The´ore`me 2] we have
dimRX ≤ Supq∈UdimT X htT XqX
+ Infdq 1 + dimKX
Thus
dimRX ≤ Supq∈UdimT  + 1 htT q + Infdq 1 + 1
Either q = I, and then htq = 1, or I ⊂ q, that is, htq = 2, but then,
from (ii), dq = 0. Therefore dimRX ≤ 3.
2. To prove that RXY  is not catenarian, it is enough to show that
RX is not a strong S-domain [2, Lemma 2.3]. This follows from condition
(i) of the theorem. From [4, Lemma 3], for the ideal q = I of T , letting dq
be the transcendence degree of T/q over R/I  K, one has the inequality
dimRXY  ≥ htq + Infdq 2 + dimKXY 
From condition (i), dq ≥ 2, and therefore dimRXY  ≥ 5. As dimR =
2, RX is not a strong S-domain.
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